Let (K, v) be a Henselian valued field of arbitrary rank. In 1990, Tignol proved that if (K , v )/(K, v) is a finite separable defectless extension of degree a prime number, then the set
Introduction
Throughout this paper, v is a Henselian valuation of arbitrary rank of a field K with residue field R(K) andv is the unique prolongation of v to a fixed algebraic closure K of K. A finite extension (K , v )/(K, v) (or briefly K /K) will be called defectless if 
]). He also proved that the smallest element of A K /K is zero in case (K , v )/(K, v)
is a tame extension. In 2000, Khanduja [2] proved that the above result of Tignol in fact holds for all finite tame extensions and showed that a finite separable extension (K , v ) of a Henselian valued field (K, v) is tame if and only if zero is the minimum element of A K /K . We have observed that if (K , v )/(K, v) is any finite separable defectless extension, then the set A K /K has a minimum element (see Lemma 2.2) . This gives rise to the following natural question.
Let (K , v )/(K, v) be a finite separable extension for which the set A K /K has a minimum element. Is it true that (K , v ) is a defectless extension of (K, v)?
In this paper, we prove that the answer to the above question is affirmative. In other words, it is proved that a finite separable extension (K , v ) of (K, v) is defectless if and only if the set A K /K has a minimum element. It will be shown that this characterization of defectless extensions quickly implies that every finite extension of a finitely ramified valued field is defectless, thereby providing a new proof of this well-known result. Recall that a valued field (K, v) is said to be finitely ramified if the value group of v admits a least positive element λ and there is a prime number p and a natural number e such that v(p) = eλ; such a valued field has characteristic 0 and p is the characteristic of its residue field.
In the course of proof, we use the notion of valuation basis. A set {x 1 , . . . , x n } of elements of an n-dimensional extension (K , v ) of (K, v) is a valuation basis of
Note that a valuation basis of (K , v )/(K, v) is linearly independent over K and hence is a basis of K /K.
The main result of the present paper is the following. 
The following corollary will be deduced from the above theorem. 
Some preliminary results
Let (K, v) and (K,v) be as in the preceding section. For any ξ in the valuation ring ofv, ξ * will denote itsv-residue, i.e., the image of ξ under the canonical homomorphism from the valuation ring ofv onto its residue field.
The result of the following lemma is well known. For the sake of completeness, we give its proof here. 
Since
The above inequality shows that 
Using the triangle law, we have
It follows from (3) and (4) that
Thus we have shown that for any β = 0 in K , the inequality
As usual, an extension (K , v )/(K, v) (or briefly K /K when the underlying valuations are clear) will be called an immediate extension if v and v have the same value group and the same residue field.
Lemma 2.3. Let (K , v ) be a finite separable extension of a Henselian valued field (K, v). Let L be an intermediate field such that K /L is an immediate extension of a degree strictly greater than one. Then the set A K /K defined by (1) does not have any minimum element.
Proof. To prove the lemma, it is clearly enough to show that for any given non-zero element ξ in K , there exists an element η in K satisfying the following two conditions:
We split the proof in two cases. 
Case (i)
Let ξ be any non-zero element of K . Using the fact that K /L is an immediate extension, we can choose an element c belonging to L and satisfying
We verify that (5) holds for an element η defined by η = ξ + cθ . It follows from (6) and (7) that
as desired.
Case (ii).
Char K = p > 0. Let ξ be any non-zero element of K . Fix an element c of L satisfying (7). Define an element η of K by η = ξ + c. Then clearly 
If an index s is defined so as
then we are going to show that a s t s = 0 and
this will be used to prove that
which will complete the proof of the lemma.
Observe that a s t s = 0, for otherwise Tr L/K (a i t i ) = 0 for 1 i m by virtue of (9); this would imply that Tr
which is impossible as K /K is a separable extension. Using (8) and (9) and the fact that θ 1 , . . . , θ m is a valuation basis of K /L, we see that
Indeed, the inequality λ v(Tr K /K (a s θ s )) − v (a s θ s ) just proved must be an equality by virtue of the fact that λ is minimum of A K /K . This proves (10). Suppose to the contrary that (11) is false. Then there exists a non-zero element c of
As t s = 0, we can write c as bt s , b ∈ L. Consider the element bθ s of K . Keeping in mind (12) and the equality Tr K /L (θ s ) = t s , a simple calculation shows that
Therefore it now follows from (10) that
which is impossible as λ is the minimum element of the set A K /K . This contradiction proves (11) and hence the lemma. 2
We shall use the following already known theorem. Its proof is omitted (see [2] ).
Theorem 2.A. A finite separable extension (K , v ) of a Henselian valued field (K, v) is tame if and only if there exists
We now prove a theorem which will be used to prove Theorem 1.1; it is of independent interest as well.
Theorem 2.5. Let (K, v) ⊂ (K , v ) ⊂ (K , v ) be a tower of finite separable extensions. Suppose that A K /K and A K /K have minimum elements. Then A K /K has a minimum element which equals min
Proof. Let α be any non-zero element of K . We can write
This shows that
The corollary stated below is an immediate consequence of the above theorem and Theorem 2.A. The following theorem which will be used in the sequel is essentially proved in [3, Lemma 3.15] . For the sake of readers' convenience and ready reference, we give its proof here.
Theorem 2.6. Let v be a Henselian valuation of a field K whose residue field is of characteristic p > 0. Let w be its prolongation to the separable closure
K sep of K. Let K ⊆ K sep
be a finite extension of K which is not tame. Then there exists a finite tame extension T of K such that T K /T is a tower of extensions of degree p each.
Proof. Let K V denote the maximal tame extension of (K, v) contained in (K sep , w) . By ramification theory, K V is the ramification field of the extension (K sep , w)/(K, v) and a p-extension (cf. [1, 22.7, 20.18] ). Write K = K(α). Let K V (α 1 , . . . , α s ) be the smallest Galois extension of K V containing α. Consider the groups
Since K /K is not a tame extension, α does not belong to K V . Therefore |H 0 | > 1; in fact, by what has been said in the above paragraph, the order of H 0 must be a power of p. So there exists a descending chain of subgroups 
Let K 2 denote the field obtained by adjoining to K 1 the p 2 elements {a 2ij | 1 i p, 0 j p − 1}. Repeating this process t times, we obtain a subfield K t of K V which is a finite tame extension of K. Denote K t by T . Clearly
is a tower of extensions of degree p each. Since T (β 1 , . . . , β t ) contains β t = α and α is algebraic over K V of degree p t by virtue of (13), it now follows from (14) that 
